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Bulk inflaton shadows of vacuum gravity
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We introduce a (51m)-dimensional vacuum description of five-dimensional bulk inflaton models with
exponential potentials that makes an analysis of cosmological perturbations simple and transparent. We show
that various solutions, including the power-law inflation model recently discovered by Koyama and Takahashi,
are generated from known (51m)-dimensional vacuum solutions of pure gravity. We derive master equations
for all types of perturbations, and each of them becomes a second order differential equation for one master
variable supplemented by simple boundary conditions on the brane. One exception is the case for massive
modes of scalar perturbations. In this case, there are two independent degrees of freedom, and in general it is
difficult to disentangle them into two separate sectors.
DOI: 10.1103/PhysRevD.69.064037 PACS number~s!: 04.50.1h, 98.80.Cq
I. INTRODUCTION
Recent progress in particle physics suggests that the Uni-
verse might be a four-dimensional subspace, called a
‘‘brane,’’ embedded in a higher dimensional ‘‘bulk’’ space-
time. In this braneworld picture, ordinary matter fields are
supposed to be confined to the brane, while gravity can
propagate in the bulk. Various kinds of braneworld models
have been proposed, and the cosmological consequences of
these models have been studied ~for a review see, e.g., Ref.
@1#!. The idea of the braneworld brings new possibilities, in
particular, to scenarios of the early universe.
A simple model proposed by Randall and Sundrum @2,3#
is such that the unperturbed bulk is a five-dimensional
anti–de Sitter spacetime ~warped bulk! bounded by one
brane or two. A homogeneous and isotropic cosmological
solution based on this model has been explored @4–8#. A
slow-roll inflation driven by a scalar field confined to the
brane was considered in @9#. An empty bulk, however, seems
less likely from the point of view of unified theories, which
often require various fields in addition to gravity. Consider-
ing a bulk scalar field, Himemoto et al. @10–12# have shown
that, interestingly, a bulk scalar field can mimic the standard
slow-roll inflation on the brane under a certain condition ~see
also Ref. @13#!.
In the context of heterotic M theory also, cosmological
solutions have been studied @14–17#. In the model discussed
in Refs. @14,15#, the scalar field has an exponential potential
in the bulk and the tensions of the two branes are also expo-
nential functions of the scalar field. In this model power-law
expansion ~but not inflation! is realized on the brane. A
single-brane model with such exponential-type potentials is
also interesting, and it has been investigated for a static brane
case @18–20# and a dynamical ~cosmological! case @21–24#.
Very recently, an inflationary solution was found in a similar
setup by Koyama and Takahashi @25,26#, extending the re-
sults of Refs. @19–22#. A striking feature of their model is
that cosmological perturbations can be solved analytically.
In spite of the tremendous efforts by many authors @27–
34#, it is still an unsolved problem to calculate the evolution
of perturbations in braneworld models with infinite extra di-
mensions. This lack of knowledge constrains the predictabil-
ity of this interesting class of models. There is an approxi-
mate way to estimate the density fluctuations evaluated on
the brane, in which perturbations in the bulk are neglected
@9#. However, once we take into account perturbations in the
bulk, generally we cannot avoid solving partial differential
equations in the bulk with discouragingly complicated
boundary conditions.
Only a few cases are known where perturbation equations
can be analytically solved @32–34#. One of them is the spe-
cial class of bulk inflaton models mentioned above @25,26#.
In this paper we clarify the reason why the perturbation
equations are soluble in this special case. Based on this no-
tion, we present a new systematic method to find a wider
class of background cosmological solutions and to analyze
perturbations from them.
This paper is organized as follows. In the next section, we
explain our basic ideas of constructing background solutions
and of analyzing cosmological perturbations. In Sec. III we
consider a model with a single scalar field in the bulk, which
is the main interest of this work, and derive an effective
theory on the brane. Then, in Sec. IV, we present some ex-
amples of exact solutions for the background cosmology ob-
tained by making use of the ideas explained in Sec. II. Sec-
tion V deals with cosmological perturbations. Section VI is
devoted to discussion.
II. BASIC IDEAS
A. Solutions in the Randall-Sundrum vacuum braneworld






2 E dD11XA2G~R@G#22LD11! ~2.2!*Electronic address: tsutomu@tap.scphys.kyoto-u.ac.jp†Electronic address: tama@scphys.kyoto-u.ac.jp
PHYSICAL REVIEW D 69, 064037 ~2004!
0556-2821/2004/69~6!/064037~16!/$22.50 ©2004 The American Physical Society69 064037-1
is the action of (D11)-dimensional Einstein gravity with a
negative cosmological constant LD1152D(D21)/2,2,
Sb52E dDXA2gs , ~2.3!
is the action of a vacuum brane with a tension s , and g is the
determinant of the induced metric on the brane.
We assume Z2 symmetry across the brane, so that the











where H0 is related to the D-dimensional cosmological con-
stant induced on the brane Lb by
Lb5
1
2 ~D21 !~D22 !H0
2
, ~2.5!
and it represents the deviation of s from the fine-tuned
Randall-Sundrum value 2(D21)/,kD112 .
One of the key ideas in the present paper is to make use of
the following well-known fact. If a metric ds (D)
2 is a solution
of the D-dimensional vacuum Einstein equations with a cos-




is a solution of the (D11)-dimensional model defined by





~For a Ricci-flat brane, we have Lb50. In this case the warp
factor reduces to ev(z)5,/z .! Namely, we can construct a
(D11)-dimensional solution in the Randall-Sundrum brane-
world from a vacuum solution of the D-dimensional Einstein
equations. A well-known example is the five-dimensional
black string solution obtained from the four-dimensional
Schwarzschild solution @35#.
B. Bulk inflaton models from dimensional reduction
We explain how to obtain an (n12)-dimensional brane-
world model with bulk scalar fields from (n121( j i)-
@5(D11)-#dimensional spacetime by dimensional reduc-
tion. We use n to represent the number of uncompactified
spatial dimensions on the brane, which is three in realistic
models. Let us consider an (n121( j i)-dimensional space-
time whose metric is given by
ds (D11)
2 5GABdXAdXB5Gab~x !dxadxb1( e2f i(x)ds i2 ,
~2.8!
where ds i
2 is the line element of a j i-dimensional constant
curvature space with the volume Vi . Here the indices a and
b run from 0 to n11, and f i is assumed to depend only on
the (n12)-dimensional coordinates xa.





2 E dn12xA2GeQFR@G#2( j iG ab]af i]bf i
1G ab]aQ]bQ22LD111( Ki j i~ j i21 !e22f iG ,
~2.9!
where
Q“( j if i , ~2.10!
kn12
2 “kD112 /)Vi , and Ki represents the signature of the
curvature of the metric ds i
2 : 21 ~open!, 0 ~flat!, or 1













1( Ki j i~ j i21 !e22f i22Q/nG . ~2.12!
Notice that the kinetic term of each scalar field has an ap-
propriate signature since j i.0. A parallel calculation gives
Sb
(n12)52E dn11xA2qs˜ e2Q/n, ~2.13!
where s˜ 5s)Vi , so that kn122 s˜ 5kD112 s , and q is the de-
terminant of the induced metric on the brane, qaˆ bˆ
“G˜aˆ bˆ uz5zb5e2Q/nGaˆ bˆ uz5zb. The caret upon indices repre-
sents restriction to the subspace parallel to the brane. Hence
aˆ and bˆ run from 0 to n. Here zb represents the location of
the brane. In this manner, we can derive (n12)-dimensional
braneworld models with bulk scalar fields which have
exponential-type potentials both in the bulk and on the brane
~Fig. 1!.
III. SINGLE SCALAR FIELD IN THE BULK
From now on, for simplicity, we focus on models with a
single bulk scalar field. The m-dimensional space represented
by e2fds2 is compactified on either a torus (K50), a
sphere (K51), or a compact hyperboloid (K521). Using
a canonically normalized field w“kn1221 Am(m1n)/nf , the
(n12)-dimensional reduced action is written as
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S (n12)5E dn12xA2G˜
3H 12kn122 R@G˜ #2 12G˜ab]aw]bw2V~w!J
2E dn11xA2qU~w!, ~3.1!















b“A m2n~m1n !. ~3.4!
If we assume that the metric ds (D11)
2 is given in the form
of Eq. ~2.6!, the action can be further reduced to the (n
11)-dimensional effective one on the brane. We write the
D-dimensional part of the metric in the form
ds (D)




~x !dxaˆ dxbˆ 1e2a(t)ds2.
~3.5!
Then, comparing the coefficient in front of ds2,
f~ t ,z !“a~ t !1v~z ! ~3.6!






where we have set ev(zb)51. Substituting the above expres-









ema/nqaˆ bˆ ]aˆ a]bˆ a22Lbe2ma/n











and V is the volume of the m-dimensional compactified
space.
The above reduction to n11 dimensions can be done
more easily starting with the (D11)- @5(n12
1m)-#dimensional action. First we perform the integration




2 E dDxA2g~R@g#22Lb!, ~3.9!
where Lb is, as before, the one defined by Eq. ~2.5!. The
effective action obtained is that for D-dimensional pure grav-
ity with a cosmological constant Lb . Compactifying m di-
mensions further, and taking into account
qaˆ bˆ 5e2ma/ngaˆ bˆ
(n11)
, ~3.10!
the same expression for the (n11)-dimensional effective ac-
tion ~3.8! can be recovered in a parallel way as we did for the
reduction from D11 dimensions to n12 dimensions. Using
wBD“ema/n and vBD“An(m1n)/m , we can rewrite the








FIG. 1. Schematic of the higher dimensional vacuum description
of an (n12)-dimensional bulk inflaton model and the derivation of
the (n11)-dimensional effective theory on the brane. The top left
picture represents the bulk inflaton model that we are interested in.
To analyze cosmological background solutions ~and ‘‘zero mode’’
perturbations!, we use the (n11)-dimensional description shown in
the bottom left corner. On the other hand, we make use of the (D
11)-dimensional description presented in the top right corner to
simplify the perturbation analysis.
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which implies that the effective theory on the brane is de-
scribed by a scalar-tensor theory. The action ~3.8!, or equiva-
lently ~3.11!, describes not only the background unperturbed
cosmology but also the zero mode perturbation, both of
which are independent of the extra-dimensional coordinate z,
apart from the overall factor e2v.
The induced metric on the brane qab is the metric in the
Jordan frame. If we use the metric in the Einstein frame,
q˜ aˆ bˆ 5e2ma/n(n21)qaˆ bˆ , ~3.12!
the effective action becomes
S (n11)5E dn11xA2q˜
3H 12kn112 R@q˜ #2 12q˜ aˆ bˆ ]aˆ w˜ ]bˆ w˜ 2V˜ ~w˜ !J ,
~3.13!
where w˜“kn1121 Am(m1n)/na and the potential is
kn11





Obviously, the system defined by the above action is equiva-
lent to Einstein gravity with a scalar field. A discussion of
this type of potential can be found in a recent paper by Neu-
pane @36#.
IV. EXAMPLES OF THE BACKGROUND SPACETIME
In this section, we give some examples of D-dimensional
vacuum solutions, which generate (D11)-dimensional
braneworld solutions by making use of the prescription de-
scribed in Sec. II A. Here we discuss models with a single
scalar field and investigate their cosmological evolution in
detail. Generalization to the case of multiple scalar fields is
given in Appendix B.
A. Kasner-type solutions
We first consider the following Kasner-type solution as an
example of the Ricci-flat case Lb50:
gAˆ Bˆ dxA
ˆ dxBˆ 5e2a(h)@2dh21gmndymdyn#
1e2b(h)d i jdxidx j,
where gmn is the metric of m-dimensional constant curvature
space, and i and j run from 1 to n. Under the assumption of












where the prime denotes differentiation with respect to h .





We can easily integrate this equation. For example, when








and the integration constant was used to shift the origin of
time. Thus we find
eb5F tanS m212 h D G
6q/n
.




This is integrated as
e (m21)a5sin@~m21 !h#FcotS m212 h D G
6q
.
The solution for K521 is easily obtained by replacing sin,
tan, and cot in the above expressions by sinh,tanh , and coth,
respectively. The solution for K50 behaves like eb}h6q/n
and e (m21)a}h17q.
Let us further investigate the cosmology of the above ex-
ample. Setting n53 and K51, the induced four-
dimensional metric becomes
qaˆ bˆ dxa
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and q5A3m/(m12).1 We set q to be positive without any
loss of generality since the signature of q is flipped by a shift
of the origin of time, h→h1p . Here one remark is in order.
In the original (D11)-dimensional model m represents the
number of compactified dimensions and therefore is sup-
posed to be an integer. However, m is just a number param-
eterizing the form of the scalar field potential when we start
with the action ~3.1! obtained after dimensional reduction.
We therefore find that m can be any real positive number in
this context. The positivity needs to be assumed to keep the
appropriate signature of the kinetic term for the scalar field
f , or equivalently to keep the relation between f and w real.
~Strictly speaking, the case with m,2n523 is also al-
lowed.! Then q can be regarded as a continuous parameter
with its range 0,q,A3.
The cosmological time t is related to h via
dt5e (m13)a/3dh . ~4.7!
Recall that qaˆ bˆ , the metric induced on the brane in the five-
@5(n12)-#dimensional model ~3.1!, is related to gaˆ bˆ by Eq.
~3.10!. Hence the scale factor associated with the metric qaˆ bˆ
is given by a5ema/31b, and therefore the Hubble parameter
on the brane H“a21da/dt is given by H5(ma8/3
1b8)e2ma/32a. Substituting the above solution ~4.6! into














The relation between the coordinate time h and the cos-
mological time t ~4.7! is not so obvious, but the asymptotic






where the exponent p2 is defined below in Eq. ~4.8!. For
h¯“h2p/(m21)→0, the cosmological time is ~locally!
expressed as t}h¯ 2q(q29)/9(q21). Therefore the range of the
proper time t is infinite for the parameter region 0,q,1,
while it is finite for 1,q,A3. In this limit h¯ →0, the scale
factor, the Hubble parameter, and the scalar field behave like
a}h¯ 2q(q23)/9(q21)} H tp1 ~0,q,1 !,~tend2t!p1 ~1,q,A3 !,
H}h¯ q(q29)/9(q21)}a2(q29)/(q23),
ea}h¯ 2(32q
2)/3(12q)→ H 1‘ ~0,q,1 !,0 ~1,q,A3 !.





The ranges of p1 and p2 are 1/(41A3),p1,1/3 and 1/3
,p2,1/(42A3).
The behavior of this solution is easily understood from
the viewpoint of the four-dimensional effective theory de-
scribed by the action ~3.13!, as was discussed in Ref. @40#.
The potential ~3.14! with Lb50 and K51 is shown in Fig.
2. For 0,q,1 (0,m,1) the potential is positive, while
for q.1 (m.1) the potential is negative. In the former
case, the scalar field a starts at a5‘ , climbs up the slope of
the potential, turns around somewhere, and finally goes back
to a5‘ . In the latter case, a starts to roll down from a
5‘ . The universe expands for a period of time and eventu-
ally it starts to contract. Finally a falls into the bottomless pit
within a finite time, where the universe ends up with a sin-
gularity.
Here we note that the above picture based on the four-
dimensional effective theory describes the dynamics in the
conformally transformed frame in which the metric is given
by q˜ aˆ bˆ , whereas we suppose that the ‘‘physical’’ metric is
given by the induced metric on the brane qaˆ bˆ . In principle,
the cosmic expansion law can look very different depending
on the frame we choose. The dynamics in the ‘‘physical’’
frame therefore can be apparently very different. However,
the above discussion is still useful since the conformal res-
caling does not change the causal structure of the spacetime.
1We should remark that the dynamical solutions in Ref. @22# can
be obtained if we compactify the n-dimensional section
e2bd i jdxidx j and regard the m-dimensional section e2agmndymdyn
as our three-space instead. The flat case (K50) corresponds to the
solution in Ref. @21#. We should also mention that recently there has
been a lot of discussion about the solutions with K521 in an
attempt to explain accelerated expansion of the universe in the con-
text of M or string theory @36–43#. Note, however, that these argu-
ments are not in the braneworld context.
FIG. 2. The motion of the scalar field in the potential. The
behavior of the scale factor in the Jordan frame is also presented.
The potential is positive for 0,q,1 ~left figure!, whereas it is
negative for 1,q,A3 ~right figure!.
BULK INFLATON SHADOWS OF VACUUM GRAVITY PHYSICAL REVIEW D 69, 064037 ~2004!
064037-5
B. Kasner-type solutions with a cosmological constant
The next example is a generalization of the Kasner-type
spacetime including a cosmological constant Lb . Let us as-
sume that the metric is in the form of
gAˆ Bˆ dxA
ˆ dxBˆ 52dt21e2a(t)dmndymdyn1e2b(t)d i jdxidx j,
~4.9!
where i and j again run from 1 to n, but here the metric of
m-dimensional space is chosen to be flat (K50) because
otherwise the solution with LbÞ0 is not obtained analyti-
cally. The D- @5(n111m)-#dimensional vacuum Einstein
equations with a cosmological constant reduce to
m~a¨ 1a˙ 2!1n~b¨ 1b˙ 2!5~m1n !H0
2
, ~4.10!
a¨ 1a˙ ~ma˙ 1nb˙ !5~m1n !H0
2
, ~4.11!
b¨ 1b˙ ~ma˙ 1nb˙ !5~m1n !H0
2
. ~4.12!
From this we obtain two types of solutions ~see Appendix B!.
One is a trivial solution, namely, D-dimensional de Sitter
spacetime,
a5b5H0t .
Of the other type are the following two solutions:
ema1nb5sinh@~m1n !H0t# ,




where q is the one that has been introduced in Eq. ~4.4!. The
range of the time coordinate t is (2‘ ,‘) for the former de
Sitter solution and @0,‘) for the latter nontrivial solutions.
Applying the method discussed in Sec. II A to these solu-
tions, one can construct background solutions for a
(D11)-dimensional braneworld model ~Fig. 3!.
First we briefly mention the relation to the bulk inflaton
model recently proposed by Koyama and Takahashi @25,26#.











we will find that our model is equivalent to theirs. The pa-
rameter m is supposed to take any positive number. Thus it
follows that D varies in the same region 28/3<D<22 con-
sidered in @25,26#. The background metric obtained by sub-
stituting the simplest solution a5b5H0t is indeed the case
discussed in their paper.
Next we consider the cosmic expansion law. We start with
the simplest case a5b5H0t . The dimensionally reduced
metric ~on the brane! is
qaˆ bˆ dxa
ˆ dxbˆ 5e2mH0t/3~2dt21e2H0td i jdxidx j!.
Introducing the cosmological time t and the conformal time
h defined by
dt5adh5emH0t/3dt ,
the scale factor on the brane a5e (m13)H0t/3 is written in
terms of t or h as
a}t (m13)/m}h2(m13)/3. ~4.15!
Since 1<(m13)/m,‘ , power-law inflation with any expo-
nent can be realized.
Furthermore, we have nontrivial solutions ~4.13!. The be-
havior of the solutions is as follows. At early times (t;0),
the scale factor behaves like a5ema/31b;t1/3, and the cos-
mological time is given by dt;t [m6A3m(m12)]/3(m13)dt ~and
so t→0 as t→0). Therefore, we have
a;tp6, ~4.16!
with p6 introduced previously, which implies that the uni-
verse is not accelerated at early times. At late times (t
→‘), we see that a→H0t and b→H0t , and the solution
shows power-law expansion as is given in Eq. ~4.15!.
A rather intuitive interpretation of the behavior of these
three solutions can be made from the four-dimensional point
of view again. The situation is summarized in Fig. 4. This
time the potential is always positive. For one of the non-
trivial solutions with the exponent p1 in ~4.16!, the scalar
field starts to roll down from a52‘ . For the other non-
trivial solution with the exponent p2 , the field starts to
climb up the slope of the potential from a51‘ , turns
FIG. 3. Sketch of the behavior of the scale factor a ~dashed
lines! and the Hubble parameter H ~solid lines! in the Jordan frame
as functions of the proper time on the brane t . The left figure shows
the solution of Eq. ~4.6! with q.1. The right figure describes the
solution of Eq. ~4.13! with the plus sign in the exponent.
FIG. 4. The motion of the scalar field in the potential and the
behavior of the scale factor in the Jordan frame. The solution found
by Koyama and Takahashi @25,26# is described in the left figure.
One of the nontrivial solutions with its behavior at the starting point
a}tp1 is also shown in the left figure, while the other one with the
exponent p2 behaves as shown in the right figure.
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around somewhere, and rolls down back to a51‘ . Sup-
pose that the field a is increasing. Let us trace the evolution
of a backward in time. If the kinetic energy is larger than a
certain critical value, a will not have a turning point in the
past. In this case a continues to decrease, reaching 2‘ . This
corresponds to the case with the exponent p1 . If the kinetic
energy is lower, a will have a turning point. Then, we will
have a→1‘ at t→2‘ . This corresponds to the case with
the exponent p2 . The case of power-law inflation ~4.15! is,
in fact, the marginal case between these two. In this case, a
does not turn around. Therefore the evolution of a is similar
to the case with p1 . In any case, information about the
initial velocity is lost as the universe expands. Therefore the
late time behavior of the solutions is unique and is given by
Eq. ~4.15!.
V. COSMOLOGICAL PERTURBATIONS
We consider cosmological perturbations in the
(n12)-dimensional bulk inflaton models defined by Eqs.
~2.12! and ~2.13!. The analysis of perturbations is compli-
cated if we work in the original (n12)-dimensional models
with a bulk scalar field. Our (n12)-dimensional system,
however, is equivalent to the (D11)- @5(n12
1m)-#dimensional one defined by Eqs. ~2.2! and ~2.3!. We
will show that the perturbation analysis becomes very simple
and transparent in the (D11)-dimensional picture, in which
we just need to consider pure gravity without any matter
fields.
We begin with the following form of background metric:
GABdXAdXB5e2v(z)~dz22dt21e2a(t)gmndymdyn
1e2b(t)d i jdxidx j!, ~5.1!
where latin and roman indices in the lower case, respectively,
run m- and n-dimensional subspaces, and the warp factor is
given by ev(z)5,H0 /sinh(H0z). We assume that a(t) and
b(t) are chosen so that gAˆ Bˆ is a solution of the
(n111m)-dimensional vacuum Einstein equations with a
cosmological constant,
m~a¨ 1a˙ 2!1n~b¨ 1b˙ 2!5~m1n !H0
2
, ~5.2!
a¨ 1a˙ ~ma˙ 1nb˙ !1K~m21 !e22a5~m1n !H0
2
, ~5.3!
b¨ 1b˙ ~ma˙ 1nb˙ !5~m1n !H0
2
. ~5.4!
The background solutions with gmn5dmn (K50), H0Þ0
and with K561, H050 were discussed in the preceding
section. In the following discussions, we include more gen-
eral cases with K561 and H0Þ0. Although the back-
ground solution cannot be obtained in an explicit form for
such nonflat compactifications with a cosmological constant,
we will find that general properties of perturbations can be
explored to a great extent.
We write the perturbed metric as
~GAB1dGAB!dXAdXB
5e2v$~112N !dz212Adtdz2~112F!dt2
1e2a~112S !gmndymdyn1e2b@~112C!d i jdxidx j
12Ei jdxidx j12Bidxidt12Cidxidz#%. ~5.5!
These perturbations are assumed to be homogeneous and iso-
tropic in the directions of the m-dimensional compactified
space spanned by the coordinates ym. From the assumption
of isotropy, mixed components such as dGmtdymdt and
dGmidymdxi are set to zero. Concerning the metric perturba-
tions of the compactified space, therefore, only the overall
volume perturbation S is considered. After reduction to n
12 dimensions, S is to be interpreted as the scalar field
perturbation. Here, we also assume that the dependence on
the n-dimensional coordinates xi is given by eikixi.
Metric perturbations are decomposed into scalar, vector,
and tensor components based on the behavior under the









Ei j5S 2 kik jk2 1 d i jn D ES1 1ik k (iE j)V 1 12 Ei jT ,
kiEi
V5kiEi j
T 50, d i jEi j
T 50. ~5.6!
The quantities with a superscript S, V, and T represent scalar,
vector, and tensor perturbations, respectively. The perturba-
tions dGAB obey the linearized Einstein equations supple-
mented by boundary conditions at the position of the brane,
dK ABuz5zb50 where KAB is the extrinsic curvature of the
brane. From the (D11)-dimensional point of view matter
sources are absent on the D-dimensional brane, and this
makes boundary conditions considerably simple. Each com-
ponent of the Einstein equations is presented in Appendix A.
Here we would like to discuss the number of physical
degrees of freedom in scalar, vector, and tensor perturba-
tions. The transverse traceless tensor Ei j
T has (n11)(n
22)/2 independent components, each of which obeys a sec-
ond order differential equation. For vector perturbations







transformation has one vector mode, and correspondingly
there is one vector constraint equation. Therefore we have
only 1 (532132) vector remaining as a physical mode.
Since a transverse vector has (n21) independent compo-
nents, we find that there are 13(n21) degrees of freedom
in vector perturbations, corresponding to the ‘‘graviphoton.’’
For scalar perturbations there are eight variables, and the
coordinate transformation has three independent modes.
Since there are the same number of constraint equations, the
number of physical modes is 2 (582332). One of them
corresponds to the bulk scalar field and the other corresponds
to the ‘‘graviscalar.’’ In total, there are 11(n12)(n21)/2
521(n21)1(n11)(n22)/2 physical degrees of freedom.
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The first ‘‘1’’ on the left hand side corresponds to the bulk
scalar and the other (n12)(n21)/2 degrees of freedom to
those of (n12)-dimensional gravitational waves.
A. Tensor perturbations
Since tensor perturbations are gauge invariant from the
beginning, they are in general easy to analyze. The equations
for tensor perturbations are read from the $i , j% component of
the Einstein equations ~A5! as
LEi jT 50, ~5.7!
where we have defined a differential operator
L“] t21~ma˙ 1nb˙ !] t1e22bk22]z22~m1n !~]zv!]z .
~5.8!
The perturbed junction condition implies that boundary con-
ditions are Neumann on the brane,
]zEi j
T uz5zb50. ~5.9!
Since the perturbation equations are manifestly separable, we
write Ei j
T 5x(t)c(z)Y i jT (x,) where Y i jT is a transverse, trace-
less tensor harmonics. Then x(t) and c(z) obey




Here M 2 is a separation constant and represents the squared
Kaluza-Klein ~KK! mass for observers on the D-dimensional
brane.
Now we discuss the mode function in the z direction,




Eq. ~5.11! is rewritten into a Schro¨dinger-type equation
2]z
2cˆ 1V~z !cˆ 5M 2cˆ , ~5.13!











The delta-function term is introduced so that c automatically
satisfies the boundary condition c8(zb)50. The presence of
the zero mode, for which c is constant in z, is obvious from
Eq. ~5.11!. From the asymptotic value of the potential
V(‘)5m2H02, we can say that there is a mass gap dM
5mH0 between the zero mode and the KK continuum.
The z dependence of the massive modes is given in terms














These general properties of the mass spectrum and the mode
functions in the z direction hold irrespective of the specific
form of the background solution a and b .
Let us move on to the time dependence of tensor pertur-
bations. Using the cosmological time on the brane defined by
t5*ema/ndt , Eq. ~5.10! is rewritten as
F d2dt2 1S nH1 mn dadt D ddt 1 k2a2 1e22ma/nM 2Gx50,
~5.17!
where one must recall that a5ema/n1b and H5a21da/dt .
For the zero mode (M 250), this reduces to the equation for
the tensor perturbations in the scalar-tensor theory defined by
the action ~3.8!. An apparent difference from Einstein gravity
is the presence of the term (m/n)(da/dt). The Kaluza-
Klein mass with respect to observers on the brane is ex-
pressed as
mKK
2 ~ t !5e22ma(t)/nM 2, ~5.18!
and so mKK5e2ma/nmH0 for the lightest one, whereas the
Hubble parameter at that time is given by
H5e2ma/nS m
n
a˙ 1b˙ D .
For a5b5H0t , this implies H52n21e2ma/nmH0 and
therefore the mass gap and H are of the same order. On the
other hand, when the background is given by Eq. ~4.13!, we
have H52n21e2ma/nmH0coth@(m1n)H0t# and the mass gap
can be very small compared to H, but only for a short period
near t50.
Despite its rather simple form, Eq. ~5.10! cannot be
solved analytically in general. One exception is the case a
5b5H0t discussed in @25#. In this case, Eq. ~5.10! reads
x¨ 1~m1n !H0x˙ 1~e22H0tk21M 2!x50,
which, using the conformal time h52e2H0t/H0, can be re-
written as
F d2dh2 1 12m2nh ddh 1k21 M 2H02h2Gx50. ~5.19!
This indeed has analytic solutions,








This is not a surprise because the background of the current
model is just an AdSm121n bulk with a de Sitter brane.
B. Vector perturbations
Next we consider vector perturbations. From the per-







Under a vector gauge transformation xi→x¯ i5xi1j iV, the















Thus we are allowed to set Ei
V50 by choosing an appropri-
ate gauge. We expand the remaining variables by using the
transverse vector harmonics Y i
V as
Bi
V5BY iV , CiV5CY iV . ~5.24!
For convenience, we introduce
V“k22ema1(n12)be (m1n)v~]zB2C˙ !. ~5.25!
Then Eqs. ~A8! and ~A11! are written as
B5e2ma2nbe2(m1n)v]zV , ~5.26!
C5e2ma2nbe2(m1n)vV˙ . ~5.27!
It is easy to see that the remaining third equation is automati-
cally satisfied if the above two equations hold. Substituting
these two into Eq. ~5.25!, we obtain a master equation
@V¨ 2~ma˙ 1nb˙ !V˙ 1e22bk2V#2@]z
2V2~m1n !~]zv!]zV#
50. ~5.28!
This equation looks similar to the equation for tensor pertur-
bations ~5.7!. The difference is that the signatures of the
terms containing first derivatives such as V˙ and V8 are re-
versed. From Eqs. ~5.22!, the boundary condition for V on
the brane turns out to be Dirichlet,
Vuz5zb50. ~5.29!
Since the master equation ~5.28! is separable, we write
V(t ,z)5x(t)V(z). The canonical variable Vˆ (z)“e2mvV
again obeys a Schro¨dinger-type equation
2]z









The crucial difference from tensor perturbations is the ab-
sence of the delta-function potential well. Because of this,
there is no zero mode and only the massive modes with
M 2>V(‘)5m2H02 exist. The z dependence of the mode






21/21m @cosh~H0zb!#Q21/21in21/21m @cosh~H0z !#%,
~5.32!
where cV is a normalization constant. When a5b5H0t , we
can find an analytic solution for the time dependence of the





1. Gauge choice, the boundary condition, and the mode
decomposition
Since scalar perturbations are more complicated, we begin
with fixing the gauge appropriately in order to simplify the
perturbed Einstein equations. We impose the Gaussian-
normal gauge conditions
N5A5C50. ~5.33!
Different from the case of vector perturbations, these condi-
tions do not fix the gauge completely. In the case of scalar
perturbations we need to take care of perturbations of the
brane location. Here we make use of the remaining gauge
degrees of freedom to keep the brane location unperturbed at
z5zb . In the Gaussian-normal gauge, boundary conditions
on the brane for all remaining variables become Neumann:
]zCuz5zb5]zEuz5zb5]zSuz5zb5]zFuz5zb5]zBuz5zb50.
~5.34!
Three of eight scalar perturbation equations are the con-
straint equations, and the other five are the evolution equa-
tions. First, let us examine the constraint equations ~A7!,
~A13!, and ~A14!. Equation ~A13! reduces to ]z
2(F1nC
1mS)1]zv]z(F1nC1mS)50. Taking into account the
boundary conditions, this equation is once integrated to give
]z~F1nC1mS !50. ~5.35!
Equations ~A7! and ~A14! reduce to
]z@kB12F˙ 12~ma˙ 1nb˙ !F22ma˙ S22nb˙ C#50,
~5.36!
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]zH B˙ 1~ma˙ 1nb˙ 12b˙ !B12e22bkFC1S 1n 21 DEG J 50.
~5.37!
With the aid of Eq. ~5.35!, we find that all the perturbation
equations are separable. Furthermore, the z-dependent parts
of these equations are the same as those of tensor perturba-
tions with the same type of boundary conditions. Therefore
we can expand all variables by using the same mode func-
tions in the z direction as those for tensor perturbations:
E5E0~ t !c0~z !1( EM~ t !cM~z !,
F5F0~ t !c0~z !1( FM~ t !cM~z !,  , ~5.38!
where c0 is constant, cM is given by Eq. ~5.15!, and M 2
>m2H0
2
. Consequently, Eqs. ~5.35!, ~5.36!, and ~5.37! are
automatically satisfied for the zero mode. For the massive
modes these constraint equations give
F1nC1mS50, ~5.39!
kB12F˙ 12~ma˙ 1nb˙ !F22ma˙ S22nb˙ C50, ~5.40!
B˙ 1~ma˙ 1nb˙ 12b˙ !B12e22bkFC1S 1
n
21 DE G50, ~5.41!
where the subscript M was abbreviated. Note that these three
equations are nothing but the components of the divergence
of the metric perturbations,
„AdGzA5„AdGtA5„AdGiA50.
In other words, the transverse traceless conditions are auto-
matically satisfied if one imposes the Gaussian-normal gauge
conditions except for the contribution coming from the zero
mode. („AdGzA gives the traceless condition.! Below we
discuss the KK modes and the zero mode separately.
2. KK modes
By using the constraint equations ~5.39!–~5.41!, the Ein-




21 D kb˙ B12b˙ F˙ 12~m1n !H02F , ~5.42!
LE52kb˙ B , ~5.43!
LS5ka˙ B12a˙ F˙ 12e22aK~m21 !~S2F!
12~m1n !H0
2F , ~5.44!
LF522~ma¨ 1nb¨ !F12kb˙ B12ma¨ S12nb¨ C
12~m1n !H0
2F , ~5.45!
LB52~ma¨ 1nb¨ !B24b˙ B24b˙ 2B22~m1n !H02B
24e22bkb˙ F , ~5.46!
where L is defined in Eq. ~5.8!. Two of them give indepen-
dent master equations for the massive modes, and the re-
maining three equations do not give any new conditions.
With the aid of the constraint equations ~5.39!–~5.41!, Eqs.
~5.42! and ~5.45! can be rewritten as





b˙ @~m11 !a˙ 1nb˙ #2~m1n !H0
2J F ,
~5.47!
LF524b˙ F˙ 22$~m11 !a¨ 1nb¨ 12b˙ @~m11 !a˙ 1nb˙ #
2~m1n !H0
2%F22n@a¨ 2b¨ 12b˙ ~a˙ 2b˙ !#C .
~5.48!
Unfortunately, except for the simplest case ~to be discussed
later! we do not know how to disentangle these two equa-
tions, although there is no problem in solving these equations
numerically. Once we solve these coupled equations, the
other variables S ,B ,E are easily determined just by using the
constraint equations.
3. Zero mode
To discuss the zero mode, it is useful to look at the cos-
mological perturbations in the corresponding
(n11)-dimensional theory defined by the action ~3.13!. In
the case of the (n11)-dimensional Friedmann universe with
a single scalar field, there is only one physical degree of
freedom in scalar perturbations. One can derive a second
order differential equation for one master variable @44#. Back
in the braneworld context, the background metric and its
zero-mode perturbations are also described by the same ef-
fective action ~3.13!. Therefore, the analysis of the zero
mode is no different from the conventional
(n11)-dimensional cosmological perturbation theory. Be-
low we will explain this fact more explicitly.
To begin with, we consider (n111m)-dimensional
spacetime whose metric is given by
ds252~112F!dt21e2a~112S !gmndymdyn
1e2b@~112C!d i jdxidx j12Ei jdxidx j12Bidxidt# ,
~5.49!
where only scalar perturbations are imposed and they are
again assumed to be homogeneous and isotropic with respect
to the m-dimensional compactified space spanned by ym.
Then, the perturbed Einstein equations dRAˆ Bˆ 5(m
1n)H02dgAˆ Bˆ become identical to Eqs. ~A2!, ~A3!, ~A10!,
~A12!, and ~A15! with N, A, C, and the terms differentiated
by z dropped. Hence, it is manifest that the analysis of zero-
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mode perturbations in our (n121m)-dimensional space-
time is equivalent to that of the above system.
As for perturbations in (n121m)-dimensional space-
time, we have already fixed the gauge by imposing three
gauge conditions ~5.33!. However, these gauge conditions do
not fix the gauge completely. As is manifest from Eqs. ~A17!,
gauge transformations satisfying jz50 and jS85j t850 do
not disturb the conditions ~5.33!. On the other hand, on the




The transformation of metric variables under these gauge
transformations is the same as that obtained by setting jz
50 and jS85j t850 in the last five equations in ~A17!.
If we think of the size of the compactified dimension S as
a scalar field in (n11)-dimensional spacetime, the system
reduces to a conventional (n11)-dimensional model with a
scalar field. In the conventional cosmological perturbation
theory, F and C in the longitudinal gauge (B5E50) are
known to be convenient variables. Here one remark is that
we need to take account of a conformal transformation to
map the theory to the conventional (n11)-dimensional one,
ds˜25e [2m/n(n21)](a1S)e (2m/n)(a1S)ds2
5e [2m/(n21)](a1S)ds2, ~5.50!
which follows from the discussion in Sec. III. Then the vari-
ables corresponding to the so-called Sasaki-Mukhanov vari-
ables are
Fˆ “F1 m
n21 S , ~5.51!
Cˆ “C1 m
n21 S ~5.52!
in the longitudinal gauge.
Eliminating N, A, B, C, E, and the terms differentiated by
z, Eq. ~A3! becomes
Fˆ 1~n22 !Cˆ 50. ~5.53!
Similarly, from Eqs. ~A10!, ~A2!, and ~A15!, we have





L0C522~n21 !b˙ Cˆ˙ 12~m1n !H02F ,
L0S522~n21)a˙ Cˆ˙ 12~m1n !H02F
22K~m21 !e22a~F2S !, ~5.54!
where L0 f“ f¨1(ma˙ 1nb˙ ) f˙1e22bk2 f . Combining all
these, we obtain the EOM for Cˆ :
L0Cˆ 22S b˙ 1 a¨
a˙




Using the conformal time h5*e2bdt , we can rewrite this
into a more familiar form as
Cˆ 91F ~n21 !H22a9
a8




where we have defined
H“~ ln a˜ !85 1
n21 @ma1~n21 !b#8, ~5.57!
and a˜5ema/(n21)1b is the scale factor in the Einstein frame.
Since there is a mass gap between the zero mode and the
massive modes in general in our models except for a short
period in the cases of KÞ0, the massive modes would not be
excited easily. Hence, the behavior of the zero mode is espe-
cially important. Since we found that the zero mode can be
described by the corresponding (n11)-dimensional conven-
tional cosmology, it can be easily analyzed in general.
4. Exactly solvable case
Let us consider the simplest background given by a5b
5H0t with K50. In this special case, scalar perturbations
including the KK modes are solved exactly. The most re-
markable advantage of our approach may be that the z de-
pendence of the modes can be derived for a general back-
ground as we did in the earlier part of this section. The
time-dependent part, which is usually nontrivial especially
for the KK modes, is also solved easily as shown below
when a5b5H0t .
Substituting a5b5H0t into Eq. ~5.48!, the equation for
F is decoupled first,
LF524H0F˙ 22~m1n12 !H02F . ~5.58!
By assuming the z dependence given in Eq. ~5.15!, we ex-
pand as F5FMcM . Then, using the conformal time, the
above equation is rewritten as
F d2dh2 2 m1n13h ddh 1k21 1h2 S M 2H02 12~m1n12 !D GFM
50. ~5.59!









S is a constant and m and n were defined in Eqs.
~5.12! and ~5.16!. Then, substituting this into Eq. ~5.41! with




The result is consistent with the evolution equation for B
@Eq. ~5.46!#.
Equations ~5.43!, ~5.44!, and ~5.46! are combined to give
a simple equation
L@CM1EM /n2SM#50.
The operator L is the one that appeared in tensor perturba-




S is another constant. Substituting FM and BM , the
constraints ~5.39! and ~5.41! reduce to two algebraic equa-








Solving Eqs. ~5.62!, ~5.63!, and ~5.64!, we obtain the expres-
sions for CM , EM , and SM . Thus, all the metric variables
can be analytically solved. Note that one of the above two
independent solutions was already obtained in Refs. @25,26#.
The zero-mode solution is also easily obtained. In this




Cˆ 81k2Cˆ 50, ~5.65!




We have shown that a wide class of braneworld models
with bulk scalar fields can be constructed by dimensional
reduction from a higher dimensional extension of the
Randall-Sundrum model with an empty bulk. The sizes of
compactified dimensions translate into scalar fields with ex-
ponential potentials both in the bulk and on the brane. We
have mainly concentrated on models with a single scalar
field, which include the power-law inflation solution of Refs.
@25,26#.
First we have investigated the evolution of five- @5(n
12)-#dimensional background cosmologies, giving an
intuitive interpretation based on the four- @5(n11)-#
dimensional effective description. Then we have studied cos-
mological perturbations in such braneworld models. Lifting
the models to 51m(5n121m) dimensions is a powerful
technique for this purpose. The degrees of freedom of a bulk
scalar field in n12 dimensions are deduced from a purely
gravitational theory in the (n121m)-dimensional Randall-
Sundrum braneworld, which consists of a vacuum brane and
an empty bulk. We would like to emphasize that the analysis
is greatly simplified thanks to the absence of matter fields.
From the (n121m)-dimensional perspective, we have de-
rived master equations for all types of perturbations. We
have shown that mode decomposition is possible for all mod-
els which are constructed by using this dimensional reduc-
tion technique. Moreover, the dependence in the direction of
the extra dimension perpendicular to the brane can always be
solved analytically.
As for scalar perturbations, there are two physical degrees
of freedom for the massive modes and the equations are not
decoupled in general. For the zero mode, however, the situ-
ation is equivalent to the standard four-dimensional inflation
driven by a single scalar field. Hence, only one degree of
freedom is physical. Therefore we end up with a single mas-
ter equation. To sum up, our ‘‘embedding and reduction’’
approach enables a systematic study of cosmological pertur-
bations in a class of braneworld models with bulk scalar
fields.
In this paper, we have not discussed quantum mechanical
aspects. In order to evaluate the amplitude of the quantum
fluctuations, the overall normalization factor of the perturba-
tions must be determined. For this purpose, one needs to
write down the perturbed action up to the second order writ-
ten solely in terms of physical degrees of freedom as is done
in the standard cosmological perturbation theory. We would
like to return to this problem in a future publication.
In this paper our investigation is restricted to the param-
eter region m.0, where m is the number of compactified
dimensions. If m.0, a singularity could exist at z5‘ , but it
is null. For m,23, we have the right sign for the kinetic
term of the scalar field and so it is possible to consider such
models. In this parameter region, however, there is a timelike
singularity at z50 and therefore we need a regulator brane
to hide it. This case includes the cosmological solution of
heterotic M theory @14# ~which corresponds to m5218/5),
and the analysis of cosmological perturbations in such two-
brane models @17# would also be meaningful. This issue is
also left for future work.
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APPENDIX A: PERTURBED EINSTEIN EQUATIONS AND
GAUGE TRANSFORMATIONS
In this appendix, we write down the components of the
perturbed Einstein equations











The perturbed quantities are decomposed into scalar, vector,
and tensor components whose basic definitions are given by
Eq. ~5.6!. Note that in the following expressions no gauge




¨ i j1~ma˙ 1nb˙ !h˙ i j2hi j9 2~m1n !v8hi j8 2e22b]k]khi j12e22b]k] (ih j)k#
2@] (iB˙ j)1~ma˙ 1nb˙ !] (iB j)2] (iC j)8 2~m1n !v8] (iC j)#2d i j~b˙ ]kBk2v8]kCk!
1d i j$2~m1n !H0
2~N2F!12~11m1n !v9N1v8N82@ma˙ 1~m12n !b˙ #v8A
2b˙ A82v8A˙ 2v8~F1mS1nC!81b˙ ~N2F1mS1nC!˙%2e22b] i] j~N1F1mS1nC!50, ~A1!
where hi j52Cd i j12Ei j and the dot ~prime! denotes ]/]t (]/]z). ~We use the prime to denote differentiation with respect to
z only in Appendix A.!
Trace part
















E¨ 1~ma˙ 1nb˙ !E˙ 1e22bk2E2E92~m1n !v8E8
12e22bk2FC1S 1
n























~] jhi j!82~] iA !˙2~ma˙ 1nb˙ 22b˙ !] iA1] j] iC j2] j] jCi
22] i~F81mS81nC8!12~m1n !v8] iN





21 DE82A˙ 2~ma˙ 1nb˙ 22b˙ !A
22~F81mS81nC8!12~m1n !v8NG
2e2b@C¨ 2B˙ 81~ma˙ 1nb˙ 12b˙ !~C˙ 2B8!#50.
~A7!












~] jhi j!˙1~] iA !81~m1n !v8] iA1] j] iB j2] j] jBi
12~ma˙ 1nb˙ 2b˙ !] iF22] i~N˙ 1mS˙ 1nC˙ !
12] i@b˙ N1m~b˙ 2a˙ !S#





21 DE˙ 1A81~m1n !v8A12~ma˙ 1nb˙ 2b˙ !F
22~N˙ 1mS˙ 1nC˙ !12b˙ N12m~b˙ 2a˙ !SG










k~B˙ 12b˙ B2v8C !2~nC1mS !¨1v8~F1nC1mS !81A˙ 8
1~11m1n !v8A˙ 1F91~m1n !v8F82e22bk2F




N¨ 1e22bk2N1k~C81v8C !2~F1nC1mS !9
2v8~F1nC1mS !82~A˙ 81v8A˙ !
2~ma˙ 1nb˙ !~A81v8A2N˙ !
1~11m1n !~v8N812v9N !50. ~A13!
t ,z component
k~C˙ 12b˙ C1B8!1e22bk2A12~ma˙ 1nb˙ !F8




S¨ 1~2ma˙ 1nb˙ !S˙ 2S92~2m1n !v8S8
1@e22bk222e22aK~m21 !#S1na˙ C˙ 2a˙ F˙
2v8~F81nC8!12e22aK~m21 !F1k~v8C2a˙ B !
1a˙ N˙ 1v8N812~11m1n !v9N2v8A˙ 2a˙ A8
2@~2m1n !a˙ 1nb˙ #v8A12~m1n !H0
2~N2F!50.
~A15!
Gauge transformations of the metric variables








the metric variables transform as
N→N¯ 5N2jz82v8jz,
A→A¯ 5A1j t82j˙ z,
C→C¯ 5C1e22bkjz2jS8






S→S¯5S2v8jz2a˙ j t. ~A17!
APPENDIX B: MULTIPLE SCALAR FIELD
GENERALIZATION
Let us give the generalization of the Kasner-type metric
discussed in Sec. IV. First we generalize the case without Lb








(i) is the metric of a j i-dimensional flat space and
gmn is the metric of a m¯ -dimensional maximally symmetric
space. As before we identified j1 with n. If we compactify
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(m¯ 1( i52N j i) dimensions leaving (n11) dimensions, the
compactified space is divided into N sectors having different
scale factors. Then the resulting cosmology after dimensional
reduction will possess N scalar fields.
The set of vacuum Einstein equations becomes
e2aRh
h5( j ig i822a8u1u81m¯ a950, ~B1!
e2aRm
n5dm





(i) @g i8u1~m¯ 21 !a8g i81g i9#50,
~B3!
where we have introduced
u“( j ig i8 . ~B4!
From Eq. ~B3!, we obtain
u21~m¯ 21 !a8u1u850. ~B5!
Then it is easy to see that Eqs. ~B2! and ~B4! are equivalent
to Eqs. ~4.2! and ~4.3! in the example of Sec. IV A by iden-
tifying u with nb8. Therefore the solution of Eqs. ~B2! and









Since these two equations ~B2! and ~B4! do not have depen-
dence on the number of dimensions, q¯ has not been fixed yet.
Substituting this solution into Eq. ~B3!, we obtain
~m¯ 21 !g i8cot@~m¯ 21 !h#1g i950,





where ci is an integration constant. Substituting this into the
remaining equation ~B1! and the definition of u ~B4!, we find
that the solution is given by
e (m
¯ 21)a5sin@~m¯ 21 !h#F cotS m¯ 212 h D G
6q¯
,







, ( j ici56q¯ .
The next is a generalization of the Kasner-type spacetime
including a cosmological constant Lb . Let us assume that






Here all the spatial sections are taken to be flat (Ki50),
because otherwise an analytic solution with LbÞ0 cannot be
found. The Einstein equations RMN@g#5NH0
2gMN , with N“D215(ni reduce to
( j i~g¨ i1g˙ i2!5NH02 , ~B8!
g¨ i1g˙ i( j ig˙ i5NH02 , ~B9!
where the overdot denotes differentiation with respect to t.
These equations admit a trivial solution of D-dimensional de
Sitter spacetime,
g i5H0t . ~B10!
There is another type of nontrivial solution. From Eq. ~B9!




The solution for this equation is
u5NH0coth~NH0t !.
Substituting this into Eq. ~B9!, we obtain
@sinh~NH0t !g˙ i#˙5NH0
2sinh~NH0t !.
This can be easily integrated and the integration constants





( j ici50, ( j ici25N~N21 !. ~B12!
Finally, integrating Eq. ~B11!, we obtain
eNg i5sinh~NH0t !F tanhS NH02 t D G
ci
. ~B13!
Integration constants were removed by rescaling the spatial
coordinates. There are only these two types of solutions
~B10! and ~B13! for Eqs. ~B8! and ~B9!.
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